The homology of a special family of homogeneous spaces, flag manifolds and their based loop spaces is studied. First, the rational homology ring of the based loop space on a flag manifold is calculated. Second, it is shown that the integral homology of the based loop space on a flag manifold is torsion free. This results in a description of the integral homology ring.
Introduction
Let G be a compact connected Lie group, U a closed connected subgroup and G/U the corresponding homogeneous space. In this paper we study the homology of the based loop space on certain compact homogeneous spaces. Homogeneous spaces G/U where rank G = rank U stand out as homogeneous spaces which behave nicely under application of algebraic topological techniques. Rationally, Sullivan minimal model theory together with the Milnor Moore Theorem can be employed to calculate the rational homology ring of their based loop spaces. Furthermore, in the case of classical Lie groups where ΩG and U are homologically torsion free, it may be possible to apply a spectral sequence argument to the fibration sequence ΩG −→ Ω(G/U ) −→ U in order to retrieve information on the existence of torsion in the homology of Ω(G/U ). In the case when torsion does not exist, the rational homology determines the integral homology.
In this paper we consider complete flag manifolds of a classical simple Lie group. Definition 1.1. A complete flag manifold of a compact connected Lie group G is a homogeneous space G/T , where T is a maximal torus in G.
The motivation for our study comes from Borel's work [B] in which he described the family of compact homogeneous spaces whose cohomology ring is torsion free. The main result of our paper is Theorem 2.3 which shows that the homology of the based loop space on a flag manifold is torsion free. Furthermore, the integral homology ring of these loop spaces is explicitly calculated in Theorems 4. 2, 4.3, 4.4. We also want to observe that according to our calculations flag manifolds are quite likely to be the only homogeneous spaces with torsion free loop space homology.
Throughout the paper, the loop space on a topological space will mean a based loop space.
Torsion in the homology of loop spaces
Recall that the Poincaré series P R (A, t) of a graded module A over a ring R is the series
Let X be a topological space. The Poincaré series of the mod-p homology of X will be denoted by P p (X, t), and the Poincaré series of the rational homology of X by P 0 (X, t).
Our main criteria for determining whether a space has torsion free homology is given by the following proposition. It is important to notice that the statement of Proposition 2.1 was announced by Borel in [B] as a remark. For the sake of clarity and completeness we provide a proof.
Proposition 2.1. Let F −→ E −→ B be a fibration, where the spaces F , E and B are of finite type. Assume that the second page of the mod-p Serre spectral sequence is
If P 0 (E, t) = P 0 (B, t) · P 0 (F, t) and the homology of F and B is torsion free, then so is the homology of E.
Proof. For any space X, the mod-p Poincaré series bounds from above the rational Poincaré series, that is,
On the other hand, from the second page of the mod-p Serre spectral sequence associated to the fibration F −→ E −→ B, it follows that P p (E, t) is bounded from the above by P p (B, t) · P p (F, t).
Now from the assumption that the homology of F and B is torsion free, we have P p (F, t) = P 0 (F, t) and P p (B, t) = P 0 (B, t) , implying that
and so P p (E, t) = P 0 (E, t). Therefore the homology of the total space E is torsion free and the Proposition is proved.
Remark 2.1. Notice that if F is rationally totally non-homologous to zero in E, that is, if j * : H * (E; Q) → H * (F ; Q) is an epimorphism, then it follows readily that P 0 (E, t) = P 0 (B, t) · P 0 (F, t).
In the case of certain homogeneous spaces Proposition 2.1 can be used to identify loop spaces with torsion free homology.
Lemma 2.2. Let G be a classical simple Lie group, and U a closed connected subgroup. Consider the principal fibration
If the corresponding Poincaré series satisfy the identity
(1)
then the integral homology of the based loop space on G/U is torsion free.
Proof. For any connected compact Lie group G and a closed connected subgroup U , there is a fibration
Pulling back fibration (2) two times gives a fibration sequence
It is well-known that if G is a simple compact Lie group of classical type, the integral homology of G and of the loop space on G is torsion free (see for example [MT] ). Now, by applying Proposition 2.1 to the fibration sequence ΩG Ωp −→ Ω(G/U ) −→ U we conclude that the homology of Ω(G/U ) is torsion free.
Remark 2.2. Evidently the statement of Lemma 2.2 is also true when G is locally isomorphic to the direct product of tori and classical simple Lie groups.
Our main result states that a flag manifold behaves nicely with respect to the loop space homology functor.
Theorem 2.3. The homology of the based loop space on the complete flag manifold of a classical simple Lie group is torsion free.
Theorem 2.3 follows directly from Lemma 2.2, once we prove identity (1) for flag manifolds. In the following section we calculate the rational homology ring of the loop space on a flag manifold by looking separately at SU (n+1)/T n , SO(2n+1)/T n , SO(2n)/T n and Sp(n)/T n .
Rational homology
To calculate the rational homology of the based loop space on a flag manifold of a classical simple Lie group, we will apply Sullivan minimal model theory. We recall the key constructions and set the notation related to the Sullivan minimal model and rational homology of loop spaces which we are going to use in coming sections.
3.1. Rational homology of loop spaces. Let M be a simply connected topological space with the rational homology of finite type. Let
The homotopy Lie algebra L of µ is defined in the following way. Define a graded vector space L by requiring that sL = Hom(V, Q)
where as usual the suspension sL is defined by (sL) i = (L) i−1 . We can define a pairing ; : V × sL −→ Q by v; sx = (−1) deg v sx(v) and extend it to (k + 1)-linear maps
Denote by L the Lie algebra (L, [ , ] ). Using the theorem of Milnor and Moore [MM], it follows that
where U L is the universal enveloping algebra for L (see for example [FHT] ). Further,
3.2. The based loop space on a classical flag manifold. In this section we calculate the rational homology of the loop space on the flag manifold SU (n + 1)/T n . Recall from Borel [B] that the rational (as well as integral) cohomology of SU (n + 1)/T n is the polynomial algebra in n + 1 variables of degree 2 divided by the ideal generated by the symmetric functions in these variables:
It is important to note, for later applications, that the ideal S + (x 1 , . . . , x n+1 ) is a Borel ideal. As a consequence, by Bousfield and Gugenheim [BG] , SU (n + 1)/T n is formal. Thus the minimal model for SU (n + 1)/T n is the minimal model for the commutative differential graded algebra (H * (M ; Q), d = 0). It is given by µ = (ΛV, d) , where V = (x 1 , . . . , x n , y 1 , . . . , y n ), |x k | = 2, |y k | = 2k + 1 for 1 ≤ k ≤ n .
The differential d is defined by
It is easy to see that the quasi isomorphism f : M = (ΛV, d) −→ (H * (M ; Q), d = 0) is given by the following rule
Theorem 3.1. The rational homology of the based loop space on the flag manifold SU (n + 1)/T n is H * (Ω(SU (n + 1)/T n ); Q) = T (a 1 , . . . , a n )/ 2a 2
Proof. The underlying vector space of the homotopy Lie algebra L of µ is given by L = (a 1 , . . . , a n , b 1 , . . . , b n ), where |a k | = 1, |b k | = 2k for 1 ≤ k ≤ n .
In order to define Lie brackets we need the quadratic part d 1 of the differential from the minimal model. In this case, using the differential in (4), the quadratic part d 1 is given by
For dimensional reasons, we have
By the defining property of the Lie bracket stated in (3), we have
Therefore in the tensor algebra T (a 1 , . . . , a n , b 1 , . . . , b n ) the Lie brackets above induce the following relations a k a l + a l a k = b 1 for 1 ≤ k, l ≤ n .
Thus
(5) U L = T (a 1 , . . . , a n )/ 2a 2 k = a p a q + a q a p ⊗ Q[b 2 , . . . , b n ] . This proves the Theorem.
The rational cohomology rings for the flag manifolds SO(2n+1)/T n = Spin(2n + 1)/T n , SO(2n)/T n = Spin(2n)/T n and Sp(n)/T n (see for example Borel [B] ) are given by H * (SO(2n+1)/T n ) = H * (Sp(n)/T n ) = Q[x 1 , . . . , x n ]/ S + (x 2 1 , . . . , x 2 n , H * (SO(2n)/T n ) = Q[x 1 , . . . , x n ]/ S + (x 2 1 , . . . , x 2 n ), x 1 · . . . · x n . Proceeding in the same way as in the previous theorem we obtain the following results.
Theorem 3.2. The rational homology ring of the based loop on SO(2n+ 1)/T n and Sp(n)/T n is given by H * (Ω(SO(2n + 1)/T n ); Q) = H * (Ω(Sp(n)/T n ); Q) = T (a 1 , . . . , a n )/ 2a 2 k = a p a q + a q a p | 1 ≤ k, p, q ≤ n ⊗ Q[b 2 , . . . , b n ] where the generators a 1 , . . . , a n are of degree 1 and the generators b i are of degree 4i.
Theorem 3.3. The rational homology ring of the based loop on SO(2n)/T n is given by H * (Ω(SO(2n)/T n ); Q) = T (a 1 , . . . , a n )/ 2a 2 k = a p a q + a q a p | 1 ≤ k, p, q ≤ n ⊗ Q[b 2 , . . . , b n ] where the generators a 1 , . . . , a n are of degree 1, the generators b i are of degree 4i for 2 ≤ i ≤ n − 1 and the generator b n is of degree 2n.
Integral homology
Borel [B] proved that the homology of a flag manifold is torsion free. In this section we prove Theorem 2.3, that is, the homology of the loop space on a flag manifold is torsion free.
Lemma 4.1. The Poincaré series over Q for the based loop space on SU (n + 1)/T n is given by
Proof. To calculate the Poincaré series we look at the rational homology of Ω(SU (n + 1)/T n ) in Theorem 3.1.
∞ k=0 t 2ik , it is enough to prove that (7) P 0 (T (a 1 , . . . , a n )/ 2a 2 k = a p a q + a q a p ) = ( ∞ k=0 t 2k ) · ( n j=1 n j t j ) .
Let A be the quotient algebra T (a 1 , . . . , a n )/ 2a 2 k = a p a q + a q a p . To prove identity (7) it is enough to show that dim A l = n l + n l−2 + . . . + 1 for l even and dim A l = n l + n l−2 + . . . + n for l odd. We assume that n k = 0 for k > n. Since a 2 i = a 2 j for 1 ≤ i, j ≤ n and a j a i = a 2 1 − a i a j for 1 ≤ i < j ≤ n, for l even A l has a basis consisting of the elements
where 0 ≤ 2k ≤ min{n, l} and 1 ≤ i 1 < . . . < i 2k ≤ n. The dimension of A l is therefore n l + n l−2 + . . . + 1. For l odd, the basis for A l is given by
where 2 ≤ 2k ≤ min{n + 1, l + 1} and 1 ≤ i 1 < . . . < i 2k−1 ≤ n. Thus the dimension of A l is n l + n l−2 + . . . + n. This proves the lemma.
Proof of Theorem 2.3 for SU (n + 1)/T n . By Lemma 4.1, we have P 0 (Ω(SU (n+1)/T n )) = P 0 (Ω(SU (n+1)))·P 0 (T n ). Applying Lemma 2.2 to the fibration T n −→ SU (n + 1) −→ SU (n + 1)/T n proves that the homology of Ω(SU (n + 1)/T n ) is torsion free. As a corollary of Theorem 2.3, the homology ring H * (Ω(SU (n + 1)/T n ); Z) is uniquely determined by H * (Ω(SU (n + 1)/T n ); Q), which proves the following theorem.
Theorem 4.2. The integral homology ring H * (Ω(SU (n + 1)/T n ); Z) of the based loop space on SU (n + 1)/T n is H * (Ω(SU (n + 1)/T n ); Z) = T (a 1 , . . . , a n )/ 2a 2 k = a p a q + a q a p | 1 ≤ k, p, q ≤ n ⊗ Z[b 2 , . . . , b n ] where the generators a 1 , . . . , a n are of degree 1 and the generators b i are of degree 2i.
Proceeding in the same way as in the previous theorem we get the following results.
Theorem 4.3. The integral homology ring of the based loop spaces on SO(2n + 1)/T n and Sp(n)/T n is given by H * (Ω(SO(2n + 1)/T n ); Z) = H * (Ω(Sp(n)/T n ); Z) = T (a 1 , . . . , a n )/ 2a 2 k = a p a q + a q a p | 1 ≤ k, p, q ≤ n ⊗ Z[b 2 , . . . , b n ] where the generators a 1 , . . . , a n are of degree 1 and the generators b i are of degree 4i.
Theorem 4.4. The integral homology ring of the based loop space on SO(2n)/T n is given by H * (Ω(SO(2n)/T n ); Z) = T (a 1 , . . . , a n )/ 2a 2 k = a p a q + a q a p | 1 ≤ k, p, q ≤ n ⊗ Z[b 2 , . . . , b n ] where the generators a 1 , . . . , a n are of degree 1, the generators b i are of degree 4i for 2 ≤ i ≤ n − 1 and the generator b n is of degree 2n.
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